SET THEORETIC COMPLETE INTERSECTION FOR 
CURVES IN A SMOOTH AFFINE ALGEBRA 

ZE MIN ZENG 

Abstract. Let A be a regular ring of dimension d { d > 3 ) 
containing an infinite field k. Let n be an integer such that 2n > 
d + 3. Let / be an ideal in A of height n and P be a projective A- 
module of rank n. Suppose P(BA « A""*"^ and there is a surjection 
a: P ^ I. It is proved in this note that J is a set theoretic complete 
intersection ideal. As a consequence, a smooth curve in a smooth 
affine C-algebra with trivial conormal bundle is a set theoretic 
complete intersection if its corresponding class in the Grothendieck 
group is torsion. 



1. Introduction 

Let A be a commutative Noetherian ring of dimension d { d > 3 
). Let J be a local complete intersection ideal in A of height d — 1. 
Then by the well known Ferrand-Szpiro construction^]], there exists 
a local complete intersection ideal / which is contained in J, such that 
^/l = \fl and ///^ is free A/J-module of rank n. One can ask when 
is such an ideal / a set theoretic complete intersection? Inspired in 
part by the results in [E], 0], [12] and [12], it is conceivable that 
the property of an ideal being a set theoretic complete intersection is 
related to its class in the Chow group or Grothendieck group being a 
torsion element, thus it is natural to ask the following question: 

Question 1.1. Let A he a commutative Noetherian ring of dimension 
d ( d > 3 ). Let I be a local complete intersection ideal in A of height 
n = d — 1 such that I /P is a free A/ I-module ofrankn. Suppose (A/I) 
is torsion in Ko{A). Is I a set theoretic complete intersection in A? 

When n > 5 and odd, the above Question has an affirmative answer 
(for example, see the proof of f7[ Theorem 3.2] ). For the case when 
n is even, the author gave an affirmative answer to the above Question 
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too in ^3 Theorem 3.6] if A is a polynomial algebra containing Q. This 
note is another attempt by the author to settle the above Question. 

In this note, we shall give an affirmative answer to Question 11.11 in 
the case when A is a smooth affine C-algebra( see Corollarv 12.15^ . 

Theorem 1.2. Let A be a smooth affine C-algebra of dimension n + 1 , 
where n > A and even. Let I be a local complete intersection ideal of 
height n such that I / P is a free A/ 1 -module of rank n. Suppose {A/ 1) 
is torsion in Kq{A). Then I is a set theoretic complete intersection in 
A. 

All rings in this paper are assumed to be commutative and Noether- 
ian. All modules considered are assumed to be finitely generated. We 
denote by Kq{A) the Grothendieck group of projective modules over 
the ring A. 

2. Main theorem 

Let A be a commutative Noetherian ring of dimension n, and I ^ A 
be a local complete intersection of height r [r < n). Suppose I/P is 
A/I-fiee with base fi, . . . , fr, fi G /, fi is the class of in I /P. Let 
J = + (/i, . . . , fr-i). Then, by a result of Murthy [T21 Theorem 

2.2], there exists a surjection P ^ J with P a projective A-module of 
rank r, such that (P) — {A"^) = —{A/ 1) in Kq{A). Therefore to show 
Question II. II has an affirmative answer in the case when A is a smooth 
affine C-algebra, it suffices to answer the following much more general 
question positively: 

Question 2.1. Let A be a regular ring of dimension d (d > 3) con- 
taining an infinite field k. Let n be an integer such that 2n > d -\- 3. 
Let I be an ideal in A of height n and P be a projective A-module of 
rank n. Suppose P (B A ^ A"'~^^ and there is a surjection a: P ^ P Is 
I a set theoretic complete intersection ideal in A 9 

Remark 2.2. If n is odd, we have the following proposition: 

Proposition 2.3. Let A be a ring of dimension d [d > 3) and n 
be a odd integer such that 2n > d + 3. Let / be a local complete 
intersection ideal in A of height n and P be a projective A-module of 
rank n. Suppose P ® A and there is a surjection a: P ^ P 

Then J is a set theoretic complete intersection ideal in A. 

Proof. Since n is odd, P has a free summand of rank 1 by Bass P, 
say P ^ Q ® A. Let x be the image of (0, 1) under a and J be the 
image of Q under a, then / = (J, x). By some suitable elementary 
transformations on P, we may assume htJ = n — 1. 2n> d + 3 implies 



ranklQ / JQ) > dim(y4/J) + 1 . By Bass cancellation [2], Q/JQ is a 
free A/J-module of rank n — 1. By lemma 1], / is generated by n 
elements. In particular, J is a set theoretic complete intersection ideal 
in A. The proof of the propositon is complete. □ 

Therefore, if n is odd. Question 12. II has an affirmative answer. 

In order to give a complete answer to the Question 12.11 we need a 
few lemmas. 

First, let us restate a lemma of Van der Kallen [[71 Lemma 4.9]: 

Lemma 2.4. Let A be a commutative ring. Let [ao, ai, . . . , a„] be a 

unimodular row over A and P be the cokernal of the natural map: 

^ (ag.ai....,a„)^ ^^^^ 

Then the projective A-module P has a free summand of rank 1. 

Let A be a regular ring of dimension (i (c? > 3) containing an infinite 
field k. Let n be an integer such that 2n> d + ^i. Let [ao, ai, . . . , a„] € 
?7m„+i(yl), and P = A^'^^ /J2o<i<n^i^i- The Euler Class group of 
A is defined by Bhatwadekar and Sridharan in [2], which is denoted 
by And they also attached P an element e([ao, ai, . . . , a„]) in 

The following is an easy corollary to the above lemma: 

Corollary 2.5. Let A be a regular ring of dimension d {d > 3) con- 
taining an infinite field k. Let n be an integer such that 2n > d + 3. 
Suppose [ao, ai, . . . , a„] G Umn+i{A). Then e([ao, ai, . . . , a„]) = in 

Proof. By [El Theorem 5.4] and the above lemma, we are done. □ 

Let i? be a ring and M be a finitely generated -B-module. We use 
the following convention throughout the rest of this note for simplicity: 

Convention. Let mi, . . . , m„ G M. We say a map: 5" — > M is given 
by ( mi,...,m„ ) to mean a 5- module homomorphism: i?" — > M 
defined by sending Cj to mj for i = 1, . . . , n, where (ei, . . . , e^) is a 
standard basis of 5". 

Lemma 2.6. Let A be a regular ring of dimension d (d > 3) containing 
an infinite field k and n be an even integer such that 2n > d + 3. Let 
I = (/i, . . . , fn) be an ideal of height n and u & A such that 1 — -uf G /. 
Let vP'ijj be the surjection: {A/ 1)"- I / P given by {v?fi, /2, . . . , /„), 
where bar denotes reduction modulo /. Then {I,u'^uj) = in E"'{A). 

Proof. Applying Lemma 5.6 in [3], we have e([f ^, fi, ■ ■ ■ , fn]) = {I, u^oj) 
in E"\A). By Corollarv 12. 5t we are done. □ 



The proof of the following lemma is analogous to the proof of Lemma 
5.4 in gj. 

Lemma 2.7. Let A be a regular ring of dimension d (d > 3) containing 
an infinite field k and n be an even integer such that 2n > d + 3. Let 
I be an ideal of height n and u & A such that 1 — uv E I . Suppose 
I = (/i, /2, . . . , /„) + P. Let oj be the surjection: (A//)" I/P given 
by (/i, /2, . . . , fn) and let u^uj be the surjection: (A//)" I / P given 
byWij2,---M ■ Then{I,u) = {I,u^uj) inE^{A). 

Proof. If {I,uj) = in then we are done by Lemma 12.61 So 

we may assume (/, cu) ^ 0, then by corollary 2.4 in [3] we can find an 
ideal J of height n, such that I + J = A, J n I = (/i, . . . , /„) and 
J = (/i, ...,/„) + P. Let LUj be the surjection: {A/ JY J/ P given 
by ( A, ■ ■ • , ^) , then (/, + ( J, uj) = in {A) . Since I + J = A, 
we can write 1 — u = x + y ioi some x & I, y E J. Let b = 1 — y, 
then 6 = 1 modulo J and b = u modulo /. By Lemma 12.61 above and 
Theorem 4.2 in [0], we see that there exists a surjection 0: A" — Jfl J, 
such that ® A/J is given by /2, • • • , fn) and ® A/ J is given by 

{fly • • • 5 fn)- From the surjection 0, we have (J, u^u) + (J, uj) = in 
E"-{A). Combining the relation {I,uj) + {J,ujj) = 0, we have (/, cu) = 
(J,m2c^) in □ 

Let y4 be a regular ring of dimension d {d > 3) containing an infinite 
field k and n be an integer such that 2n > d + 3. By a theorem of Van 
der Kallen [|H1 Theorem 4.1], the universal weak Mennicke symbol 

wms : Umn+iiA)/En+iiA) ^ WMSniA) 

is a bijection with an abelian target, which provides U run+i {A) / En+i (A) 
with the desired structure of an abelian group. In [3, Theorem 5.7], 
Bhatwadekar and Sridharan showed that the natural map 

e : Umn+i{A)/En+i{A) ^ E'^iA) 

is a group homomorphism, where the group structure of [/m„+i (A) / En+i (A) 
is the one defined above by Van der Kallen. 

Let [ao, ai, . . . , a„] be a unimodular row over A and let 

P = A"+V J2 

0<i<n 

where (cq, . . . , e„) is a standard basis of A""*"^. Let pi denote the image 
of Ci in P, then P = Z]o<i<n ^"^^ Yl,Q<i<n^iPi = 0- Suppose there 
is a surjection a : P ^ I, where I is an ideal of height n. Let be 
the image of pi under the surjection a. Since n + 1 > dim {A/ 1) + 2, 
[oo, Oi, . . . ,a^] is completable to an elementary matrix in En+i{A/ 1). 



So we may assume [oq, ai, . . . , a^] = [1, 0, . . . , 0] modulo /. 2n> d + ?) 
implies P/IP is a free A/J-module of rank n by Bass cancellation. 
Since ^o<i<n. '^iP* = 0; can write J = (/i, ...,/„) + . So if we 
let cij : (A//)" — > I/P denote the surjection given by (/i, . . . , /„_i, /„), 
then e([ao,ai,...,a„]) = in Let -cj : (A/ J)" ^ ///^ 

denote the surjection given by (/i, . . . , /„_i, — /n)- Then we have the 
following proposition: 

Proposition 2.8. Let A, P, I, a, uo and —uo be as above. Then (J, uj) + 
(J,-cu) = in 

Proof. We first show there is a unimodular row over A which represents 
(/, -uj) in E'^{A). Notice the Y.o<i<n ^^iPi = implies X]o<i<n '^^/^ = 0- 
Let be the surjection: A"^-'^ — > / given by (/o, . . . , fn-i, —fn) ■ Let 
Q be the projective A-module of rank n defined by 

Q = A"+V (ooeo H h a„_ie„_i - a„e„). 

Since [oq, ai, . . . , a„] is a unimodular row over A, there exist 6j's G A 
such that Oo&o + c^i^i + ■ ■ ■ + ctn^n = 1- Let g„ = e„ — (— &„)(cioeo + 

h a„_ien-i - a„e„) and Qi = et - (6i)(aoeo H h a„_ie„_i - a„e„) 

for i = 0, . . . , n - 1, then Q = Y.o<i<n Mi , 0(9n) = - fn and = 
fi for i = 0, ... ,n — 1. Thus the restriction of to Q gives us a 
surjection: Q ^ I, call it (3. Then it is rather obvious to see that 
e([ao, . . . , fln-i, — c^n]) = (-^5 — t^) in via the surjection /3 and the 

projective A-module Q. 

Next, we show the image of [oq, . . . , dn-i, * [c^O! • • • ? c^n-i? — o-n] un- 
der the group homomorphism e is zero, where * is the group operation 
on 

t/m„+i(A)/K+i(A) 

which is defined in |H] by Van der Kallen. Applying [|H1 Lemma 3.5 
(i)], we have 

[oo, . . . , a„-i, a„] * [ao, . . . , a„-i, -&„] = 
in Umn+i{A)/E„,+i{A). Also by [|H1 Lemma 3.5 (v)]. 

But [ao, . . . , a„_i, -a„6^] = [oq, . . . , a„-i, in t/m„+i(A)/E„+i(A). 
Taking image in under the group homomorphism e and applying 

Corollary EHl it follows that {I,uj) + (J, -^) + = in The 
proof of the proposition is complete. □ 

From Lemma 12.71 and Proposition 12. 8t we have the following inter- 
esting corollary: 



Corollary 2.9. Let A be a smooth affine C-algebra of dimension n + 
l{n > 4, even). Let [qq, . . . , a„] G Umn+i{A). Then e([ao, . . . , a„]) is 
2-torsion in 

Proof. Let P denote the projective A- module defined by [ao; • • • ,CLn]- 
Choose a general section of the dual of P, say a, then a gives us a 
surjection: P ^ I, where / is a local complete intersection ideal of 
height n. From this surjection, we can write e([ao, . . . , a„]) = (/,a;) in 
E'"'{A), where u) is some surjection: A/ J" —>■ I /P. By Lemma (2.71 we 
have (/, cu) = (/, — cj) since -1 is a square in A/ 1. By Proposition 12.81 
we have 2e([ao, . . . ,o.n]) = in ii^'^(74). The proof of the corollary is 
complete. □ 

Lemma 2.10. Let A he a commutative Noetherian ring containing a 
field k. Let I be a proper ideal of height n which is a local complete 
intersection in A, such that I / P is free A/ 1 -module of rank n. Then 
there exists a regular sequence /i, . . . , /„ in A and Si G P such that 

(1) /=(/!,...,/„, Si), Si(l-Si) G (/!,...,/„),/= (/!,...,/„) + 

P, and 

(2) {/i, . . . , /„_i, fn — sl} is a regular sequence in A. 

Proof. As in the proof of Lemma 2.3 in ^U], we can find a regular 
sequence in A such that I = + P. By [TTJ 

Lemma 1], there exists s G / such that s(l — s) G and 
/ = (/i, . . . , /„, s). Since s(l - s) G (/i, . . . , /„), we may further as- 
sume that s G P. Notice that we can change s by Hi^il'^ ^ ^i/n) 
for any positive integer m and bi & L If pi, . . . ,pt are the maximal 
elements in Ass(y4/(/i, . . . , /„_i)), then fn ^ pi, . . .,pt- 

If s G pi, . . . ,pt, then /« — ^ pi, . . . ,pt, and we are through. 

If, say for example, s ^ pi, but s + bfn G pi for some 6 G /, we replace 
s by s(s + bfn) and assume s G pi. Repeating this procedure (that is, 
replacing s by nUil-^ ~ ^i/n)) and reordering pj where z G {1, . . . , t} if 
necessary, we may assume that s E pi, . . . ,Pr, s — bfn ^ Pk for k > r 
and any b E L 

Since S e Pl, . . . ,Pr, fn-S^ ^ Pi, ■ ■ ■ ,Pr- If fn-s"^ ^ Pr+1, ■ ■ ■ ,Pu thcU 

we are done. So by reordering Pr+i, ■ ■ ■ ,Pt, we may assume fn — ^ 
Pr+i, . . .,Pr+i and fn - s'^ G Pr+i+i, ■■■,Pt- Let A G / H (n[+|pi) \ 
U*^.^_,_^^]^Pj (such A does exist), and si = s + A/„. Then fn — sl = 
fn - - Xfni^s + Xfn), and fn - sf^ pi, . . . , Pr+i hj OUT choicc of A. 

Now we claim that fn — sl ^ pr+i+i, ■ ■ ■ ,pt- If fn — sl & pj for some 
j G {r + / + 1, . . . , t}, then 2s + Xfn G Pj. Notice that since A is a 
commutative ring containing a field k, either 2 is invertible in A or 2 
is zero in A. If 2 is zero in A, then Xfn G pj, which is impossible. If 



2 is invertible in A, then s + (1/2) A/„ G pj, which contradicts that 
■5 — bfn ^ Pfc for k > r and any b E I. So the claim foUows. 

Therefor /„ — is a nonzero divisor in A/{fi, . . . , By our 

choice of si, we have that / = (/i, . . . , /„, si), si(l - si) G (/i, • • • , /«), 
si e P, I = (/i, ...,/„)+ and {/i, . . . , fn-i, fn - si} is a regular 
sequence in J. □ 

The proof of the following lemma is a generalization of [TBI Proposi- 
tion 4.3] which is inspired by the statements of Bhatwadekar, Das, and 
Mandal in Lemma 6.1 and Proposition 6.2]. 

Lemma 2.11. Let A be a regular ring of dimension d (d > 3) contain- 
ing an infinite field k and n be an even integer such that 2n > d + 3.. 
Let I be an ideal of height n such that I = (/i, . . . , /„) + 
where /i, . . . , /„_i, /„ form a regular sequence in A. Let uj be the 
surjection: (A/J)" — > I/P given by (/i, . . . , /„) and —ui be 
the surjection: (A//)" I/P given by {fi, ■ ■ ■ , fn-i, —fn) ■ Define 
J = I^"^^ = (/i, . . . , + P. Then there exists a surjection to: 
{A/jy J/P, such that = {I,uJi) + (J, -ui) m ^"(A). 

Proof. Applying lemma 12.101 we can find s E A such that the image 
of /„ - sMn v4/(/i, . . . , is a nonzero divisor, I = (/i, . . . , /„, s) 

and s{l - s) G (/i, . . . , /„). Let TTi = (/i, . . . , /„, 1 - s), then KiDl = 
(/i, . . . , /„). Since {/i, . . . , /„_i, fn - s^} is a regular sequence and 
I = ifi, • • • , fn-i, fn - s^) + /^ we can write (/i, . . . , /„ - s^) = 
/ n K2 for some K2 in A, which is comaximal with J. If Ki = A, 
or K2 = A, then the conclusion of the lemma clearly holds. So we 
may assume Ki,K2 are ideals of height n. Let g = /„ — s^, then 
gA + Ki = A, and hence /, Ki, K2 are pairwise comaximal. It is clear 
that g = — is unit modulo Ki and /„ = is unit modulo Since 
= + P'^nK,nK2 = {f\,...,fn-i,9fn)- So we 

have the surjective homomorphisms 

j^n inKi 

given by (/i, . . . , fn-i, fn) and (/i, . . . , -/„) respectively. Then 
uj = a ® A/I, —oji = a' ® A/ 1, Let ojk^ = a ® A/Ki and —uki = 
a' ® A/Ki. Then we have (J, -ui) + {Ki, -uk,) = in 

Since J*^^^ fli^'i r]K2 = (/i, . . . , /n-i, gfn)- So we also have two natural 
surjective homomorphisms 



A" — — ^ /(2) n n ^2 

given by (/i, . . . , /„_i, gf) and (/i, . . . , fn-u9fn) respectively. 

Let UJK2 = 13 ® A/K2, and = 7 (g) A/J^^^. Since g = — is 
unit modulo Ki and /„ = is unit modulo i^2, from the surjec- 
tions (3 and 7 and lemma EZl we have: (3 ® A// = i^/,7 ® ^/-ft'i = 
— s^C(j/^^,7 ® A/K2 = s^0Jk2 ^iid the following relations in £^"(74): 
{I,ui) + (ir2,cuifj = 0, and + (i^i.-sWi) + (i^2, s^cja-J = 

(/(2),cu) + (iri,-cjAj + {K2,ujk2) = 0. Hence {I,uji) + {I,-ujj) = 
{I,ujj) + {I,-uJi) + {I^^\uj) + {Ki,-UK,) + {K2,u;k2) = + 
{K2,ujk2) + {I^'\uj) + {I,-uj) + {K,,-uk,) = 0+iI^''\uj)+0= 
Thus {I^^\uj) = (J, ui) + (J, -u;/) in □ 

Now we are ready to state our main theorem which gives an affirma- 
tive answer to Question 12.11 

Theorem 2.12. Let A be a regular ring of dimension d (d > 3) con- 
taining an infinite field k. Let n be an even integer such that 2n > d+3. 
Let I be an ideal in A of height n and P be a projective A-module of 
rank n. Suppose P (B A ^ A^^^ and there is a surjection a: P —>■ L 
Then I is a set theoretic complete intersection ideal in A. 

Proof. Let u and —u be as in Proposition 12.81 Then by Lemma f2.1H 
there exists a surjection cu': {A/ J)" J/ J^, where J = such that 
u;') = (/, uJi) + (/, -uji) in E"(v4). Using Proposition 1231 we have 
(/(2\a;') = in E"(v4). By Theorem 4.2 in [3], /(^^ is generated by n 
elements and hence J*^^-* is a complete intersection ideal in A. Therefore, 
/ is a set theoretic complete intersection ideal in A. □ 

Corollary 2.13. Let A be a smooth affine C-algebra of dimension 
n + 1, where n > 4 and even. Let I be an ideal of height n. Suppose 
/ is the image of a stably free A-module of rank n. Then / is a set 
theoretic complete intersection ideal in A. 

Proof. Applying cancellation theorem of Suslin Theorem 1] and 
using Theorem 12.121 , we see J is a set theoretic complete intersection 
ideal in A. The proof of the corollary is complete. □ 

Remark 2.14. For the case when n = 3 in Corollarv 12.131 let a be 

the surjection: P ^ I, where P is a stably free module of rank 3. By 
cancellation theorem of Suslin Theorem 1], we have P (B A ^ A'^. 
By 0, P has a unimodular element. Then using the same arguments 
as in Proposition 12 . 31 except for applying cancellation theorem of Suslin 
instead of applying Bass cancellation, we can conclude that J is a com- 
plete intersection ideal in A. Therefore, Corollarv 12 . 1 31 also holds when 
n = 3. 



The following corollary gives a positive answer to the Question 11.11 
in the case when A is a smooth affine C-algebra. 

Corollary 2.15. Let A be a smooth affine C-algebra of dimension n+1, 
where n > 4 and even. Let / be a local complete intersection ideal of 
height n such that I /P is a free ^//-module of rank n. Suppose {A/ 1) 
is torsion in Kq{A). Then / is a set theoretic complete intersection in 
A. 

Proof. Let m be the integer such that m{A/ 1) = in Kq{A). Write / = 
(/i, . . . , fn-i, fn) + /^ where /i, . . . , /„_!, /„ form a regular sequence. 
Let J = (/i, . . . , /„„i) + J"^. By a resuh of Mandal Lemma 2.3], 
{A/ J) = m{A/I) in Ko{A) and hence {A/ J) = in Ko{A). By a result 
of Murthy ^21 Theorem 2.2], we see K is the image of a stably free 
yl-module of rank n, where K = (/i, . . . , /„_i) + J*-"~^^'. By Corollary 
12.131 we conclude that i^T is a set theoretic complete intersection in A 
and hence so is /. □ 

Remark 2.16. As in Remark I2.14[ Corollary 12.151 also holds when 

n = 3 
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